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The energy balance in the plasma of a coaxial plasma opening switch
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The two-dimensional energy flow in the plasma of a coaxial plasma opening switch~POS!, during
the Hall-induced shock penetration of a magnetic field, is analyzed. The electron collisionality is
assumed to be high enough that the dissipated magnetic-field energy becomes electron thermal
energy. It is shown that that part of the magnetic-field energy~a third! that is dissipated at the
cathode at the generator side of the plasma, becomes an electron kinetic energy, that is convected
along the current channel. It is also shown that in the magnetized plasma magnetic-field energy
flows backwardstowards the generator. The third new result is that inside the shock front, electron
thermal energy is converted into magnetic-field energy,contrary to the usual situation in shock
waves in which field energy is converted into particle thermal energy. ©1998 American Institute
of Physics.@S1070-664X~98!01604-8#
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I. INTRODUCTION

Magnetic-field penetration into plasma is one of the m
fundamental issues in plasma physics. In recent ye
magnetic-field penetration, which results either from a d
sity nonuniformity or from a cylindrical geometry, has be
extensively explored.1–14 The mechanism of this penetratio
is of much interest, since it is expected to play a role
processes when the time scale is between the electron
ion cyclotron periods and the length scale is between
electron and ion skin depths. These time scale and len
scale are characteristic of plasmas in certain pulsed-po
devices, such as the magnetically insulated ion dio
~MID !,15 the plasma-filled diode~PFD!16 and the plasma
opening switch~POS!,17,18 and also of some basic plasm
physics experiments.19 Indeed, it has been suggested2–14 that
in short conduction POS experiments20–23 this mechanism is
responsible for the observed fast magnetic-field pe
tration.20,22,23

The electron dynamics and the magnetic-field evolut
in the fast processes analyzed here are governed by the e
tions of electron magnetohydrodynamics~EMH!,1 a branch
of multicomponent magnetohydrodynamics~MHD! deter-
mined by the condition of smallness of the mass veloc
compared to the current velocity. In fact, the ions are
sumed here to be immobile. A condition for the validity
EMH is that the characteristic scale of the problem~ex-
pressed in terms of gradients! is much smaller thanc/vpi ,
the ion skin depth. The opposite condition leads to
single-fluid MHD being dominant. We also assume that
electron collisionality is small so that the rate of evolution
not determined by collisional diffusion, but rather by th
large Hall electric field.

The penetration of the magnetic field into the plas
must be accompanied by a large magnetic-field energy

a!Electronic mail: fnfrucht@weizmann.weizmann.ac.il
1131070-664X/98/5(4)/1133/9/$15.00
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sipation. The mechanism of energy dissipation in a lo
collisionality plasma is not clear. It has been shown that e
if the electron collisionality is low~but not too low!, a large
dissipation can occur at the shock layer, and the dissipa
magnetic-field energy is then converted into electron ther
energy.4–6 The case of a very low collisionality has also be
addressed, and the electron inertia has been shown t
important.7,9,13,14The electron temperature was not measu
in those recent POS experiments, in which the magnetic-fi
penetration was measured.22,23 Future experiments may re
veal which process actually dissipates the magnetic-field
ergy in POS experiments. Theoretical investigations co
explore the characteristics of the energy dissipation in
various regimes.

In the present paper we restrict ourselves to the reg
in which the electron collisionality is not too low, so that th
dissipated magnetic-field energy is converted into elect
thermal energy. We present three new results. It has b
shown in a two-dimensional~2D! analysis of the energy flow
that the magnetic-field energy flux along the current chan
near the cathode is only two-thirds of the incomin
magnetic-field energy flux in the vaccum.4 It has been con-
cluded, therefore,4 that a third of the incoming magnetic-fiel
is dissipated near the cathode at the plasma-vacuum bo
ary. We show here that this third of the magnetic-field e
ergy, that has been dissipated, isconvectedalong the current
channel as electron thermal energy. This first new resu
derived in Sec. III in which the energy flux along the curre
channel is analyzed, following the model description in S
II. In Secs. IV and V we briefly review the analysis4 of the
energy flow during the Hall-induced shock penetration in
slab geometry, and explain the partition of the energy fl
along the current channel. The other two new results conc
the evolution of the magnetic field in cylindrical geometr
which we address in Secs. VI and VII. In Sec. VI we analy
the energy flow across the plasma region at the gener
3 © 1998 American Institute of Physics

license or copyright, see http://pop.aip.org/pop/copyright.jsp
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side through which the magnetic field has already penetra
and present the second new result of the paper: There
voltage drop from the current layer edge towards theanode
and the magnetic-field energy flows towards thegeneratorin
the magnetized plasma. The net magnetic-field energy
into the plasma, is therefore,lessthan two-thirds of the tota
energy flux into the plasma. In Sec. VII we examine t
energy balance in the shock layer. We show that, contrar
the usual situation, hereat the shock layer electron therma
energy is converted into magnetic-field energy. This is the
third new result of the paper.

II. THE MODEL

The evolution of the magnetic field and the electron d
namics are governed by the EMH equations.1 The general-
ized Ohm’s law is

E5h j1
1

nec
j3B2

¹pe

ne
, ~1!

where the electron inertia is neglected. Also, the proces
are so fast that the ions are assumed immobile and the
rent is due to the electron motion only

j52enve . ~2!

Here E and B are the electric and magnetic fields,n is the
electron density assumed constant in time due to quasi
trality, e is the elementary charge,h is the assumed sma
resistivity, ve is the electron fluid velocity, andpe is the
assumed isotropic electron pressure. The conditions for
electron collisionality which justify the neglect of electro
inertia and the assumption of isotropic electron pressure h
been discussed before.4,5 The magnetic-field evolution is de
termined by Faraday’s law

2
1

c

]B

]t
5¹3E, ~3!

where the current and the magnetic field are related by A
père’s law

4p

c
j5¹3B. ~4!

The Poynting theorem, that results from Eqs.~3! and ~4!, is

]

]t S B–B

8p D1
c

4p
¹–E3B52E–j . ~5!

The electric field energy is smaller than the magnetic-fi
energy as a result of the neglect of the displacement cur
in Ampère’s law.

The electron pressurepe is related to the internal elec
tron energy through

pe5 2
3e. ~6!

The electron energy evolution is governed by the elect
heat-balance equation

]e

]t
1¹–

5

3
eve5E–j , ~7!
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where we neglected the heat conduction. We assume
thatcP55/2 and thatcV53/2. Combining the last two equa
tions, we write the energy conservation as

]

]t S B–B

8p
1e D1¹–S 5

3
eve1

c

4p
E3BD50. ~8!

In writing Eqs. ~7! and ~8! we assumed that the electro
thermal energy is large compared to the electron kinetic~di-
rected! energy. A condition for the validity of this assump
tion will be given shortly. Equations~1!, ~3!, and ~4! yield
the equation that governs the magnetic-field evolution

]B

]t
5

c2h

4p
¹2B2¹3S j3B

en D1¹S c

enD3¹pe . ~9!

In the next section we use the above equations to ana
the energy flow along the current channel.

III. THE CURRENT CHANNEL—THE ENERGY FLOW
AND THE VOLTAGE ACROSS IT

We restrict ourselves to configurations in which t
magnetic field has one component only, in the ignorable
rection. These configurations will be a slab geometry
which the quantities depend onx and z only and the mag-
netic field has ay component only, and a cylindrical geom
etry in which the quantities depend onr andz and the mag-
netic field has au component only. We also assume that t
density may vary in the direction normal to the electrode

A solution of the equations in Sec. II for these config
rations shows that the magnetic field may penetrate into
plasma as a shock wave.1–14The distribution of the magnetic
field in the plasma at a certain time during the shock p
etration is shown in Fig. 1 for a slab geometry and in Fig
for a cylindrical geometry. The current flows along the lin
in the figures. It is seen that the current flows inside
plasma in a narrow current channel. The current is emit
from the cathode at a small region at the generator edg
the plasma and flows axially along the cathode. It then flo
towards the anode at a location that moves axially with
shock propagation.

In this section we calculate the energy flux integrat
across the current channel, making use of the fact that
current channel is narrow. Such calculations will be valid
both geometries, and for both current channels, along
cathode and at the shock front. We will then obtain the
ergy flux per unit length in the ignorable coordinate dire
tion.

Following Eq. ~5!, the total electromagnetic field flux
the Poynting flux, along the current channel per unit len
in the ignorable coordinate direction, is

Pmagnetic5
c

4p E dxperpêt–E3B. ~10!

Also, following Eq.~7! the flux of electron thermal energy i

Pthermal5E dxperpêt–
5

3
eve . ~11!

In Eqs.~10! and ~11! êt is a unit vector normal to the plan
for which we calculate the flux.
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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We assume that the electrons are collisional enough
that the shock penetration is accompanied by a large elec
heating. The electron thermal energy is then related to
magnetic field as5,6

e5
B2

8p
. ~12!

The collision frequency has to be larger th
B/@(8pmn)1/2#L,4 whereL is a characteristic scale length
In this case each electron experiences an average of m
than one collision during the time it spends inside the curr
layer. This collision frequency is much lower than the co
sion frequency that is needed to explain the fast magne
field penetration into the POS plasma. We note that this
lisionality, however, is much larger than Spitzer
collisionality. It is comparable to the ion plasma frequen
and may result from the ion acoustic instability.1

FIG. 1. A slab geometry—the distribution of the magnetic field in t
plasma during the shock penetration. The dashed lines are the magnetic
contours, and also the lines~planes! along which the electron current flow
from the cathode~denotedK! towards the anode~denotedA!. The region
where the dashed lines are is the current channel. The magnetic fie
maximal at the generator side of the plasma~to the left of the current
channel! and decreases across the current channel. The magnetic fie
zero to the right of the current channel. Shown are the values of the en
fluxes through the rectangle boundaries in the directions of the arrows.
first number in each pair is the magnetic-field energy flux and the sec
number is the thermal energy flux, both in units ofPtotal

cc (z5z1), the total
energy flux along the current channel near the cathode.
Downloaded 07 Feb 2004 to 132.77.4.129. Redistribution subject to AIP 
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It is easy to show that, when Eq.~12! holds, the assump-
tion of an electron thermal energy larger than the electron
kinetic ~directed! energy is justified if the width of the cur-
rent layer is larger than the electron skin depth,L@c/vpe

~wherevpe is the electron plasma frequency!. Together with
the usual requirement for the dominance of the Hall
field, 128c/vpi@L ~vpi is the ion plasma frequency!, we
obtain that our treatment is valid forc/vpi@L@c/vpe . This
regime of validity of the results usually holds for short con-
duction plasma opening switches.21

We calculated the fluxes by performing the integration in
Eqs. ~10! and ~11!, using the relations~6! and ~12! and the
expression for the electric field@Eq. ~1!#. We do not show the
details of these calculations, which are similar to those per
formed in Ref. 5. As we mentioned above, we assume tha
the current channel is narrow so that the plasma density an
the coordinates are constant across it. The magnetic field an

eld

is

is
gy
he
d

FIG. 2. A cylindrical geometry—the distribution of the magnetic field in the
plasma during the shock penetration. The dashed lines are therBu contours,
and also the lines~planes! along which the electron current flows from the
cathode~denotedK! towards the anode~denotedA!. The region where the
dashed lines are is the current channel.rBu is maximal at the generator side
of the plasma~to the left of the current channel! and decreases across the
current channel. The magnetic field is zero to the right of the current chan
nel. Shown are the values of the energy fluxes through the rectangle boun
aries in the directions of the arrows. The first number in each pair is the
magnetic-field energy flux and the second number is the thermal energ
flux, both in units ofPtotal

(cc)(z5z1), the total energy flux along the current
channel near the cathode.
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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the electron pressure do vary, of course, across the cu
channel.

Integrating Eq.~10! across the current channel we fin
that the total electromagnetic field flux, the Poynting flu
per unit length in the ignorable coordinate direction throu
the current channel, is

Pmagnetic
~cc! 52

5cBcc
3

144p2encc
. ~13!

Here ncc is the plasma density at the current channel. T
density, uniform across the narrow current channel, m
vary along the current channel if the plasma density is
uniform. Also, Bcc is the magnetic field at the magnetize
side of the current layer. In performing the integrations~10!
and ~11! we assume that the magnetic field at the cath
side of the current layer is zero. Of the Poynting flux@Eq.
~13!# 3

5 is due to the Hall term and25 is due to the pressur
gradient term in the electric field expression@Eq. ~1!#. The
electromagnetic flux is mostly magnetic field energy flu
since in the plasma the electric field is much weaker than
magnetic field.

The flux of electron thermal energy is found to be

Pthermal
~cc! 52

5cBcc
3

288p2encc
, ~14!

where again we used relation~12!. The total energy flux
through the current channel is the sum of the fluxes given
Eqs.~13! and ~14!. This sum is

Ptotal
~cc! 5Pmagnetic

~cc! 1Pthermal
~cc! 52

5cBcc
3

96p2encc
. ~15!

It is clear that the flux of thermal energy@Eq. ~14!# com-
prises a third of the total energy flux in the current chan
@Eq. ~15!#, while the electromagnetic energy flux@Eq. ~13!#
comprises two thirds of the total energy flux:

Pmagnetic
~cc! 5 2

3Ptotal
~cc! ~16a!

and

Pthermal
~cc! 5 1

3Ptotal
~cc! . ~16b!

These relations were noted in Ref. 5 for the energy fl
through the current channel at the shock front. As sho
here these relations are more general and hold also alon
axial current channel near the cathode.

The voltage across the current channel is

V~cc!52E drEperp5
5Bcc

2

24pencc
, ~17!

whereEperp is the electric field component perpendicular
the current channel. This electric field component, and c
sequently also the voltage, are also3

5 due to the Hall electric
field and 2

5 due to the pressure gradient.
Having derived the above expressions for the volta

across and the energy flux through the current channel,
turn in the next sections to the energy fluxes in the slab
in the cylindrical geometries.
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IV. SLAB GEOMETRY—THE AXIAL ENERGY FLOW

We assume that a constant-in-time magnetic field

B5êyB0, ~18!

that has ay component only, is applied atz50, the plasma—
vacuum boundary at the generator side. The cathode is
cated atx50 and the anode is located atx5xA . For both
slab and cylindrical geometry we assume that the cath
and the anode are conductors of infinite conductivity. T
plasma density increases monotonically from the cathode
wards the anode. The configuration and the result
magnetic-field distribution at some time after the applicat
of the magnetic field are shown in Fig. 1. We note that in t
configurationB0 is negative.

In the slab geometry the magnetic field, and theref
also the electron pressure, are uniform at the magnetized
of the current channel. As a result the electric field in t
plasma is zero except inside the current channel. Theref
the energy flow through the axial current channel along
cathode and the voltage across it are also the total en
flow inside the plasma between the electrodes and the v
age between them at that axial location.

Following Eqs.~15! and ~17!, the energy flux per unit
length through the plane atz1 , Ptotal

(KA)(z5z1), is

Ptotal
~KA!~z5z1!5Ptotal

~cc! ~z5z1!52
5cB0

3

96p2enK
. ~19!

The density at the current channelncc is the density at the
cathodenK since the current channel atz5z1 is in the vicin-
ity of the cathode. Following our analysis of the energy flo
along the current channel it is clear that here too the flux
thermal energy comprises a third of the total energy flux
the current channel, while the magnetic energy flux co
prises two-thirds of the energy flux

Pmagnetic
~KA! ~z5z1!5 2

3Ptotal
~KA!~z5z1! ~20a!

and

Pthermal
~KA! ~z5z1!5 1

3Ptotal
~KA!~z5z1!. ~20b!

The voltage across the electrodes is

V~KA!~z5z1!5V~cc!~z5z1!5
5B0

2

24penK
. ~21!

Let us look at the axial energy flux in the vacuum regi
between the generator and the plasma. The energy flux
unit length in they direction is

Ptotal
~KA!~z5zV!5

c

4p E dxExBy52
c

4p
B0V~KA!~z5zV!,

~22!

since the magnetic field in the vacuum is uniform and
given by Eq.~18!. The region to the left of the shock front i
time independent, and therefore, the voltage between
electrodes atz5zV is identical to this voltage atz5z1 in the
plasma

V~KA!~z5zV!5V~KA!~z5z1!. ~23!
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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Substituting expression~21! for the voltageV(KA)(z5z1)
into Eq. ~22! we obtain that

Ptotal
~KA!~z5zV!52

5cB0
3

96p2enK
5Ptotal

~KA!~z5z1!. ~24!

The energy flows from the vacuum into the plasma as
electromagnetic energy at a rate given by expression~24!.
The energy in the plasma flows at the same rate along
current channel. In the plasma not all the energy flux is e
tromagnetic energy, a third has been converted into elec
thermal energy, as stated in Eq.~20b!. The lower rate of
magnetic-field energy flow inside the plasma, only tw
thirds of the rate in the vacuum, as was noted in Ref. 4
due to a conversion of a third of the total energy flux in
thermal energy flux. This partitioning of energy betwe
magnetic-field energy and electron thermal energy that
been found at the shock layer,5 exists already in the curren
channel along the cathode. The dissipated magnetic-field
ergy, which has been converted into electron thermal ene
is also convected along the current channel as a part of
total energy flux. This is the first new result of this paper

V. A SLAB GEOMETRY—THE ENERGY FLOW AT
THE SHOCK FRONT REGION

The energy flux along the shock front in the slab geo
etry has been analyzed in Ref. 5. For completeness
briefly present the results here.

The energy flow along the current channel is not co
stant, since the density varies radially. The net axial flow i
a rectangle of a unit length in they direction is the difference
between the inward flow at boundary 1 in Fig. 1 and t
outward flow at boundary 2. The fluxes at boundary 1 ar

Pmagnetic
~1! 5 2

3Ptotal
~cc! ~z5z1!. ~25a!

Pthermal
~1! 5 1

3Ptotal
~cc! ~z5z1!. ~25b!

We take boundary 1 to be close enough to the cathode so
the energy flow along the current channel is the same as
energy flow along the current channel near the cathode,
in particular atz5z1 . The partition of the flux between
magnetic-field energy and electron thermal energy is
same at boundary 2, following our general analysis of
current channel in Sec. III. The fluxes are lower, howev
due to the higher plasma density at boundary 2. They ar

Pmagnetic
~2! 52

2

3

nK

nA
Ptotal

~cc! ~z5z1! ~26a!

and

Pthermal
~2! 52

1

3

nK

nA
Ptotal

~cc! ~z5z1!. ~26b!

The net magnetic-field energy flux into the region is the s
of the fluxes at the two boundaries. This is because in
slab geometry there is no energy flux through the bounda
3 and 4. The net magnetic-field energy flux is therefore
Downloaded 07 Feb 2004 to 132.77.4.129. Redistribution subject to AIP 
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DPmagnetic5Pmagnetic
~1! 1Pmagnetic

~2!

5
2

3 S 12
nK

nA
D Ptotal

~cc! ~z5z1!. ~27a!

Equivalently, the net electron thermal energy flux into th
region is

DPthermal5Pthermal
~1! 1Pthermal

~2! 5
1

3 S 12
nK

nA
D Ptotal

~cc! ~z5z1!.

~27b!

The total energy flux is

DPtotal5S 12
nK

nA
D Ptotal

~cc! ~z5z1!. ~27c!

Despite the different rates of flow of the magnetic-fie
energy and the electron thermal energy, the rates of accu
lation of these energies in the plasma are equal. The rat
accumulation of magnetic-field energy in the plasm
Qmagneticis

Qmagnetic5E
x1

x2
dx

B0
2

8p
vs , ~28!

wherevs is the shock velocity, the velocity of propagation
the current channel. As was previously shown,5,6 this veloc-
ity is

vs5
5cB0

24pe

d

dx S 1

nD . ~29!

The rate of accumulation of magnetic-field energy in t
plasma is therefore

Qmagnetic52
5cB0

3

192p2e S 1

nK
2

1

nA
D5

1

2 S 12
nK

nA
D Ptotal

~cc! .

~30!

The rate of accumulation of electron thermal energyQthermal

is identical toQmagnetic, because of Eq.~12!. Even though the
total energy is conserved, as expected,DPtotal5Qmagnetic

1Qthermal, the net rates of flow of magnetic-field energy a
of electron thermal energy are different than the respec
rates of accumulation of energy inside the region. This
because inside the shock layer the resistivity cannot be
glected and the work done by the electric field conve
magnetic-field energy into electron thermal energy. T
work rate, the rate of Joule heating, is found by integrat
across the region

W5E dzE
0

xA
dxh j x

25
1

6 S 12
nK

nA
D Ptotal

~cc! ~z5z1!. ~31!

This is the rate at which magnetic-field energy that flows in
the region is converted to electron thermal energy. As w
also shown in Ref. 5, this rate is a quarter of the net rate
magnetic-field energy flow into the region@Eq. ~27a!#. The
rate of accumulation of magnetic-field energy is the net r
of magnetic-field energy flow into the region minus th
amount that is being converted to electron thermal ene
Similarly, the rate of accumulation of electron thermal e
ergy is the net rate of electron thermal energy flow into
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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region plus the amount that is being converted to elect
thermal energy. Using Eqs.~27a!, ~27b!, and ~31! we find
that these two rates are equal

DPmagnetic2W5DPthermal1W5Qmagnetic5Qthermal.
~32!

This makes the total energy accumulated in the plas
equally divided between magnetic-field energy and ther
energy, as also given by Eq.~30!.

In the next sections we analyze the cylindrical geome
and present two additional new results.

VI. CYLINDRICAL GEOMETRY—THE AXIAL ENERGY
FLOW

Here we assume that a constant-in-time magnetic fie

B5êu

b0

r
, ~33!

is applied atz50, the plasma-vacuum boundary at the ge
erator side. The cathode is located atr 5r k and the anode a
the largerr 5r A . Hereb0[r KB0 is constant, andB0 is the
magnetic field near the cathode in the vacuum at the gen
tor side. The plasma density is uniform. The configurat
and the resulting magnetic-field distribution at some ti
after the application of the magnetic field are described
Fig. 2. We note that in this configuration alsoB0 is negative.
We also note that one can use the relation

I 5
2cb0

2
, ~34!

betweenb0 and the total currentI and express the results i
terms ofI .

The electron thermal energy is

e5
b0

2

8pr 2 , ~35!

and the electron pressure is

pe5
b0

2

12pr 2 . ~36!

Contrary to the slab geometry, in the cylindrical geome
the magnetic field, and therefore also the electron press
are not uniform at the magnetized side of the current ch
nel. As a result the electric field is not zero in the magnetiz
plasma. Therefore, the voltage between the electrodes
not only across the current channel, but also across the m
netized plasma, where there is no current. In addition,
presence of an electric field inside the magnetized plasm
accompanied by an energy flow through the magneti
plasma.

Let us first analyze the energy flow through the curr
channel. In the slab geometry we have written the ene
flow per unit length. Here we write the energy flow int
grated across the azimuthal direction. Using Eqs.~15! and
~17! we find that the energy flow through the current chan
at z1 is
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Ptotal
~cc! ~z5z1!52

5cb0
3

48penrK
2 , ~37!

and that the voltage across the current channel is

V~cc!~z5z1!5
5b0

2

24penrK
2 . ~38!

As has been shown generally in Sec. III, it is easy to sh
that here too the energy flux through the current channe
divided as two-thirds magnetic-field energy flux and o
third thermal energy flux

Pmagnetic
~cc! ~z5z1!5 2

3Ptotal
~cc! ~z5z1! ~39a!

and

Pthermal
~cc! ~z5z1!5 1

3Ptotal
~cc! ~z5z1!. ~39b!

We also comment that we could define the current chan
impedanceZ(cc)55I /6penc2r K

2 and write the energy flux
@Eq. ~37!# and the voltage@Eq. ~38!# as Ptotal

~cc! (z5z1)
5Z(cc)I 2 andV05Z(cc)I .

We turn now to the voltage across and the energy fl
through the magnetized plasma. The radial variation of
pressure inside the magnetized plasma, according to
~36!, is accompanied by the formation of a radial elect
field @Eq. ~1!#. This radial electric field points inside th
plasma in the direction from the cathode to the anode~oppo-
site to the direction the electric field points inside the curr
channel!. Thus, the potential in the magnetized plasmafalls
towards the anode. The potential variation from the cath
to the anode isnonmonotonic. The peak of the potential is a
the edge of the current channel at the magnetized side
that axial location the voltage across the current channe
larger than the voltage between the electrodes. This volt
across the magnetized plasma, resulting from the pres
gradient, is

V~plasma!~z5z1!5
2

3 S b0
2

8pnerA
22

b0
2

8pnerK
2 D . ~40!

Note again that this voltage isnegative. The voltage between
the electrodes atz5z1 is

V~KA!~z5z1!5V~cc!~z5z1!1V~plasma!~z5z1!. ~41!

Using the values of the two voltages, Eqs.~38! and~40!, we
find the voltage between the electrodes atz5z1 to be

V~KA!~z5z1!5
3

5 S 11
2

3

r K
2

r A
2 DV~cc!~z5z1!. ~42!

We note again that the voltage between the electrode
smaller than the voltage across the current channel

V~KA!~z5z1!<V~cc!~z5z1!. ~43!

Let us look at the energy flux through the magnetiz
plasma. All this energy flux is magnetic and therefore
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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Ptotal
~plasma!~z5z1!5Pmagnetic

~plasma! ~z5z1!52
cb0

3

24pen S 1

r A
22

1

r K
2 D .

~44!

Note that the last expression isnegative. The energy flows in
the magnetized region in the direction of the generator. T
total energy flux inside the plasma is

Ptotal
~KA!~z5z1!5Ptotal

~cc! ~z5z1!1Ptotal
~plasma!~z5z1!. ~45!

Using Eqs.~37! and ~44! we find the total energy flux be
tween the electrodes atz5z1

Ptotal
~KA!~z5z1!5

3

5 S 11
2

3

r K
2

r A
2 D Ptotal

~cc! ~z5z1!. ~46!

We note again that the total energy flux issmaller than the
flux along the current channel

Ptotal
~KA!~z5z1!<Ptotal

~cc! ~z5z1!. ~47!

At this stage we pause to look at the rate of axial ene
flow in the vacuum region between the generator and
plasma. The rate of energy flow in thez direction is

Ptotal
~KA!~z5zV!5Pmagnetic

~KA! ~z5zV!

5
c

2 E
r K

r A
drrErBu5IV ~KA!~z5zV!, ~48!

since the magnetic field in the vacuum satisfiesrBu5b0 .
The region to the left of the shock front is time independ
and therefore, as in the slab case, the voltage between
electrodes atz5zV is identical to this voltage atz5z1 in the
plasma,V(KA)(z5zV)5V(KA)(z5z1), and therefore

Ptotal
~KA!~z5zV!5

3

5 S 11
2

3

r K
2

r A
2 D Ptotal

~cc! ~z5z1!5Ptotal
~KA!~z5z1!.

~49!

The axial energy flows in the vacuum and in the plasma
equal. In the vacuum all the flowing energy is magne
while in the plasma part of it is electron thermal energy.

We turn back to the axial energy flow inside the plasm
Let us examine how the energy flux atz5z1 is split between
magnetic-field energy and electron thermal energy. The
of magnetic-field energy is the sum of the positive fl
through the current channel@Eq. ~39a!# and the negative flux
through the plasma@Eq. ~44!#

P~magnetic!
~KA! ~z5z1!5

2

3
Ptotal

~cc! ~z5z1!2
cb0

3

24pen S 1

r A
22

1

r K
2 D .

~50a!

The thermal energy flows along the current channel o
@Eq. ~39b!#, and therefore

Pthermal
~KA! ~z5z1!5 1

3Ptotal
~cc! ~z5z1!. ~50b!

At the limit that r K'r A , both energy flows are mostl
through the current channel,

Pmagnetic
~KA! ~z5z1!' 2

3Ptotal
~KA!~z5z1!

and
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Pthermal
~KA! ~z5z1!' 1

3Ptotal
~KA!~z5z1!.

Generally, the fraction of the magnetic-field energy flux
the total flux is smaller, and at the opposite limit, whenr K

!r A

Pmagnetic
~KA! ~z5z1!5 4

9Ptotal
~KA!~z5z1! ~51a!

and

Pthermal
~KA! ~z5z1!5 5

9Ptotal
~KA!~z5z1!. ~51b!

At this limit Pthermal
(KA) (z5z1) is greater than Pmagnetic

(KA) (z
5z1).

Equations~43!, ~47!, and~50a! comprise the main resul
of this section and the second new result of the paper.
potential doesnot vary monotonically in the radial direction
the magnetic-field energy flows inside the plasma in a dir
tion oppositeto the direction in which it flows in the curren
channel, and the fraction of magnetic-field energy flux in t
total axial energy flux issmallerthan inside the current chan
nel, and might be even smaller than the fraction of elect
thermal energy flux in the total energy flux.

VII. CYLINDRICAL GEOMETRY—THE ENERGY FLOW
AT THE SHOCK FRONT REGION

Let us turn now to the energy balance at the shock fro
Similar to what we did for the slab geometry, we look at t
energy flow into the segment of the hollow cylinder, th
cross section of which is shown in Fig. 2. At the low
boundary 1 energy flows along the current channel. Si
this boundary is close to the cathode the energy flux is
same as the energy flux along the current channel atz5z1 .
The fluxes of magnetic field energy and electron therm
energy are therefore

Pmagnetic
~1! 5 2

3Ptotal
~cc! ~z5z1! ~52a!

and

Pthermal
~1! 5 1

3Ptotal
~cc! ~z5z1!, ~52b!

respectively. The fluxes of energy along the current chan
at boundary 2 are

Pmagnetic
~2! 52

2

3

r K
2

r A
2 Ptotal

~cc! ~z5z1! ~53a!

and

Pthermal
~2! 52

1

3

r K
2

r A
2 Ptotal

~cc! ~z5z1!, ~53b!

respectively, where we take boundary 2 to be close to
anode. The partition of the flux between magnetic-field e
ergy and thermal energy is as derived in Sec. III for t
current channel. At boundary 2 the fluxes are reduced r
tive to the fluxes at boundary 1 due to the larger radius
contrast to the slab geometry, here in the cylindrical geo
etry there is energy flow in the magnetized plasma throu
boundary 3. The fluxes through boundary 3 were calcula
in the previous section@see Eqs.~37! and ~44!#. There is a
backwardsmagnetic-field energy flux through the magn
tized plasma. Thus
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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Pmagnetic
~3! 52

2

5 S 12
r K

2

r A
2 D Ptotal

~cc! ~z5z1! ~54a!

and

Pthermal
~3! 50. ~54b!

We can now calculate the net energy flux into the regi
The net magnetic field and electron thermal energy fluxes

DPmagnetic5Pmagnetic
~1! 1Pmagnetic

~2! 1Pmagnetic
~3!

5
4

15 S 12
r K

2

r A
2 D Ptotal

~cc! ~z5z1! ~55a!

and

DPthermal5Pthermal
~1! 1Pthermal

~2! 1Pthermal
~3!

5
1

3 S 12
r K

2

r A
2 D Ptotal

~cc! ~z5z1!. ~55b!

The net flux of electron thermal energy into the region
larger than the net flux of magnetic-field energy, because
the backwards magnetic-field energy flux@Eq. ~54a!#. The
total net flux of energy into the region is

DPtotal5
3

5 S 12
r K

2

r A
2 D Ptotal

~cc! ~z5z1!. ~56!

The rate of change of the magnetic-field energy inside
region is

Qmagnetic5
1

c E
r K

r A
dr2pr

b0
2

8pr 2 vs , ~57!

wherevs , the shock velocity, is3–6

vs52
cb0

4pner2
. ~58!

We therefore find that

Qmagnetic5
3

10 S 12
r K

2

r A
2 D Ptotal

~cc! ~z5z1!. ~59!

Since the density of electron thermal energy in the mag
tized plasma is equal to the density of the magnetic-fi
energy, the rates of accumulation of the two energies are
same

Qthermal5Qmagnetic5
1
2DPtotal. ~60!

The net flux of energy into the region@Eq. ~55!# equals the
sum of the rates of accumulation of magnetic field and e
tron thermal energies in the region@Eqs.~59! and~60!#, as it
should.

Since the net rate of electron thermal energy flow in
the region is larger than the net rate of magnetic-field ene
flow into the region, while the rates of accumulation of t
two energies are equal, it is clear that in the shock la
electron thermal energy is converted into magnetic-field
ergy. We show directly that this is indeed the case.
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The work done by the electric field on the electrons
composed of Joule heating that converts magnetic-field
ergy into electron thermal energy and the work done by
electron pressure term

E–j5h j r
22

1

en

]p

]r
j r . ~61!

Multiplying the r component of Eq.~9! by j r and integrating
over the region in Fig. 2, we find that the Joule heating i

E dzE
r K

r A
dr2prh j r

25
1

10 S 12
r K

2

r A
2 D Ptotal

~cc! ~z5z1!. ~62!

The electron pressure gradient term converts electron t
mal energy into magnetic-field energy:

2E dzE
r K

r A
dr2pr

1

en

]p

]r
j r52

2

15 S 12
r K

2

r A
2 D Ptotal

~cc! ~z5z1!.

~63!

The net work of the electric field converts electron therm
energy into magnetic-field energy at the rate

W52
1

30 S 12
r K

2

r A
2 D Ptotal

~cc! ~z5z1!. ~64!

The difference between the net magnetic-field energy fl
into the region and the magnetic-field energy converted i
electron thermal energy is easily shown to be equal to
sum of the net electron thermal energy is easily shown to
equal to the sum of the net electron thermal energy flux i
the region and the magnetic-field energy converted into e
tron thermal energy

DPmagnetic2W5DPthermal1W5Qmagnetic5Qthermal.
~65!

Equations~62!–~64! comprise the main result of thi
section and the third new result of this paper. At the sho
layer electron thermal energy is converted into magnet
field energy, contrary to the usual case.

VIII. CONCLUSIONS

In this paper we investigated theoretically the ener
balance during a fast magnetic-field penetration into
plasma in a plasma opening switch configuration. We
sumed that the electron collisionality is low, so that t
magnetic-field diffusion is small, but not too low, so that t
dissipated magnetic-field energy becomes electron ther
energy. We have shown that that part of the magnetic-fi
energy~a third! that is dissipated at the cathode at the ge
erator side of the plasma, becomes an electron kinetic
ergy, that is convected along the current channel. We h
also shown that in the magnetized plasma magnetic-field
ergy flows backwards towards the generator. The third n
result is that inside the shock front electron thermal energ
converted into magnetic-field energy, contrary to the us
situation in shock waves in which field energy is convert
into particle thermal energy. More experiments are requi
to find the electron temperature with good spatial and te
poral resolutions in order to determine whether the ene
license or copyright, see http://pop.aip.org/pop/copyright.jsp
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partitioning in POS is as described here. Also, the details
the energy balance during the magnetic-field penetratio
the case in which the electron collisionality is too low
cause a large electron heating,9,13 should be studied theoret
cally.
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